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Abstract 

We show that self-dual Nielsen Olesen (NO) vortices in 3 dimensions give rise 
to a class of exact solutions when coupled to Einstein Maxwell Dilaton grav- 
ity obeying the Majumdar-Papapetrou(MP) relation between gravitational 
and Maxwell couplings , provided certain Chern-Simons type interactions are 
present. The metric may be solved for explicitly in terms of the NO vortex 
function and is asymptotic to Euclidean space with signature (-1,-1,-1). The 
MP electric field is long range but, strictly speaking, the charge of the vortices 
is zero since the field dies off as 0(l/r(lnr) 2 ). The total ADM energy integral 
of such vortices is zero. These peculiarities are due to the nature of the two 
dimensional Greens function. 
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In an astonishing recent paper |IJ it was shown that the self dual "instantonic" solitons 
of 4 + 1 dimensional Yang-Mills (YM) theory and the self dual BPS || monopoles of 3 + 1 
dimensional Yang-Mills-Higgs theory give rise to a class of exact stable static solutions even 
after they are coupled to Einstein-Maxwell(EM) gravity at the Majumdar- Papapetrou(MP) 
point H (i.e the Maxwell coupling is fixed by the gravitational coupling so that the static 
Newton and Couloumb potentials are equal in magnitude). Important additional require- 
ments are the inclusion of certain non- minimal terms of form e MNLP( ^ AmF^ l Fpq in 4 + 1 
dimensions (and its dimensional reduction in 3 + 1 dimensions) and coupling to a dilaton 
in 3 + 1 dimensions. Here Am,A^ are the Electromagnetic and YM gauge potentials and 
F^ IN is the YM field strength . These terms are responsible for the soliton aquiring a topo- 
logical electric charge coupled to the Maxwell field by a mechanism proposed similar to one 
proposed for 4 + 1 Yang Mills Chern Simons(YMCS) theory solitons in This electric 

charge acts as a Bogomol'nyi bound under the ADM |7| mass of field configurations in the 
theory. The self dual solitonic solutions of Ref.fl] saturate this bound insuch a way as to 
imply the existence of a Killing spinor with respect to a certain Einstein Maxwell covariant 
derivative. Since the bosonic action used is a subset of the d = 5, N = 2 supergravity || 
it follows that the solutions preserve one of the two supersymmetries thus providing yet 
another example of the supersymmetry associated with self dual solutions of field equations 
@. The result of Ref. [1] allowed us to immedeately confirm |K| the conjecture HH con- 
cerning the gravitational stabilization of instantonic configurations in SU(N), N > 3 YMCS 
theory. The elegance and naturalness of the arguments of Ref. [1] lead one to expect that 
generalizations to other dimensions and types of solitons (strings, vortices etc.) should exist. 
In this letter we obtain solutions in 3 dimensions analogous to those of Ref. [1] in four and 
five dimensions. However the peculiarities of the spherically symmetric Greens function in 
two spatial dimensions (i.e the logarithm) lead to some peculiar properties for the solutions 
we generate. The asymptotic spacetime is flat but Euclidean (with no deficit angle ). Cor- 
respondingly, the total ADM energy integral yields zero and the MP electric field, though 
long range, dies off marginally faster (by a factor of l/(logr) 2 ) than that of a charged ob- 
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ject. Thus the expected topological charge is also zero. Nevertheless our solutions appear 
sufficently similar to those of Ref . [1] to keep alive the expectation of generalizations to other 
models where flatspace self-dual solutions exist . 

The action we shall treat is the sum of three pieces S gr , Ssd and Scs '■ 

S gr = -(WnG)- 1 J d 3 xE(R + e 2ba F 2 + 2{daf) (1) 
S SD = - I d 3 xE(-^e 2b ^f + e 2b ^ | Dip \ 2 + ^e 2 ^V - v 2 ) 2 ) (2) 

S cs = J d 3 x e^A^n^ax + K 2 d u J x ) (3) 

Here F, f are field strengths of the MP (A^) and NO (a M ) Abelian gauge potentials, i/j 
the charged scalar field of the NO model, a the dilaton field and Jx = ^-ip^Dxip, (-Da — dxip — 
iaxi/j) the NO current. Notice that the MP coupling has been equated to the gravitational 
one : g 2 = AttG. The dilaton couplings b, 6 a ,6^,6 u will be chosen in the course of the 
calculation to allow an exact solution of the full theory given a flat space self dual NO 
vortex solution. Note, however, that the different terms in the action do not scale in the 
same way under the rescaling a — > a + const for any choice of scaling weights for the other 
fields unless one also scales couplings. The other possible Chern-Simons terms can be added 
to Scs without affecting our conclusions . Our conventions for gravitational quantities are 
those of |TT| E is the determinant of the dreibein while e fluX is the 3-d antisymmetric tensor 



density (e 012 = 1). 

To proceed we note that the MP form of the metric in D + 1 dimensions can be written 



in a form equivalent to that of JT2| as (i = 1, 2) : 



ds 2 = -j^dt 2 + B(x\ x 2 )dx i dx i (4) 

While this form of the metric can also be derived from considerations of the existence of 
a Killing spinor [|TJ, one can view this ansatz simply as dictated by the need to ensure that 
the off diagonal terms of the Einstein tensor are automatically zero given that the spatial 



metric is conformal to the Euclidean one. In 2 + 1 dimensions we therefore take the metric 
to be Diag(-1, B, B). We also write B = e 2lf> 
The field equations are : 



G^v = + 8irGT flu (A, a) = -SttGT^^, V) (5) 

d^Ee^Fn = -AnGe^d^a, + k 2 J x ) (6) 

d^Eg^d v o) - {b/2)e 2ba EF 2 = 8nGE{{b a /4g 2 )e 2baCT f 2 

+ b^° | £>V I 2 +(g 2 /2)b u e 2b ^(^^ - v 2 ) 2 ) (7) 

d^e 2haa Ef^ v ) = -2g 2 Ee 2b ^r - g 2 e^ x {d II A x {K 1 - /cj^ty)) (8) 

BU 

D^e^ED^) = e 2Ka E— + i^e^d^D^ (9) 

where U = (g 2 /2)(ifj J< tp — v 2 ) 2 is the potential. 

When the metric is flat and a = 0, = the model reduces to the selfdual Abelian 
Higgs model whose field equations are solved and the energy minimized provided the fields 
are static, a = 0, and the Bogomol'nyi equations: 

(A =F ieijDjty = (10) 

f l3 = ±t l3 g 2 ^H-v 2 ) (11) 
are satisfied. These first order equations may be decoupled to yield the well known vortex 



equation ]T3| : 



dHn^- = £ 2 (VV -v 2 )+AttY, I n k \ 5 {2 \r - r k ) (12) 



v k 



where {rik,rk} are the winding numbers and locations (positions of the zeros of ip) of an 
ensemble of (anti)self dual vortices. 



We now show that with a certain choice of dilaton weights every solution of the above 
self duality equations gives rise to an exact, explicit solution of the field equations of the full 
theory. We impose the relation : 

e 2b^c = e 2b a a B -l = Be 2b u * ( 13 ) 

which will be satisfied for a certain choice of weights provided a = 5(f). Then it is easy to 
see, using the assumed flatspace self duality of the NO fields, that provided 

£J e 2b,p<T 



A = T- 



k 2 B 

A, = (14) 

and Ki/k 2 = v 2 the field equations for the fields a M , if) are satisfied. Furthermore it is easy to 
check that all spatial components of the Einstein tensor and the stress tensor of the matter 
sector vanish . Hence the spatial components of the Einstein equations are satisfied provided 
the spatial stress tensor of the fields A^, a vanishes which requires that 

e 2b^a = SjKie^ (l5) 

where s = ± is an independent sign and the reason for being careful about putting 
E/B = sign(B) = s (although we took B = e 2 ^\) will become clear a posteriori. Thus 
one immedeately has = —b/2, k 2 = ssb. 

Since we are looking for a smooth soliton solution with a dispersed energy density we 
do not expect any zeros of the metric to occur . We therefore assume that the sign of B 
is constant . This will be justified a posteriori and can, in any case, be relaxed (if one 
wishes to study superpositions of vortices and black holes etc.) by taking the equation we 
derive to hold piece wise in every region labelled by a given sign of B (since our equation is 
independent of the sign of B). One finds that three remaining nontrivial field equations (i.e 
those for G o, A , a) reduce to the single flat space equation : 

d 2 e^ = ±(l^G)e lJ ^ + d l J J ) 



(167rG)t;V(^V - v 2 ) - \d 2 C^)) (16) 



if and only if one identifies a = 0, b = 2 so that 6^, = — l,b a = 0, by = —2. Now, using 
the vortex equation, it immedeately follows that the regular solution of the above Poisson 
equation is: 



e 2<t> = -C + MM^r) - TT - 2 £ I I M« a I ^ D) (17) 

where C is an arbitrary constant and \x = 16irGv 2 > 0. Thus it follows that as r — > oo, B — > 
— 2/x | | log(r); (J2k n k — N)\\ With suitable C , B is negative everywhere since 
grows from at the locations of the vortices to v 2 at oo. A sensible choice of asymptotic 



coordinates is thus f = r^2fi\N\ logr which , to leading order in 1/logr converts the 
metric to a flat metric with signature (—1,-1,-1) !. Note that apart from implying that 
the dilaton field has a constant imaginary part : Im{a) = m/2 (which is consistent with 
the reality of the action etc), there is no other outre consequence of our solution. 

The ADM "energy" (since our metric has signature (—1,-1,-1) there is really no energy 
in the usual sense) integral gives 

S = -J rf 2 xT ° | B \= / d'xd 2 ^ (18) 

and thus vanishes given the smoothness and regularity of our solution. 
Finally, the asymptotic electric field in the new coordinates is 

F f0 = t - (19) 

+ Afi | A^ | r{logf) 2 1 ' 

so that its surface integral dies logarithmically. 

The pathologies of 3 dimensions and the special couplings of our 'dilaton' are responsible 
for the peculiarities of our solution. Nevertheless as an addition to the library of exact 
solutions of gravitaionally coupled theories it merits further investigation and motivates the 
search for further examples of the mechanism of Ref . [1] which involves as an essential part 
the aquisition of topological electric fields by magnetic configurations in the presence of CS 
type couplings (§-§],|I| • We have also found flatpace (Minkowski) versions of these results 
(and of those for d=4+l in Ref. [10]) by choosing suitable dilaton couplings. 
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